We construct the n-instanton action for the above model with gauge group SU (2), as a function of the collective coordinates of the general self-dual configurations of Atiyah, Drinfeld, Hitchin and Manin (ADHM). We calculate the quantum modulus u = Tr ∼ A 2 at the 1-instanton level, and find a discrepancy with Seiberg and Witten's proposed exact solution. As in related models (N = 2, N F = 3 or 4), this discrepancy may be resolved by modifying their proposed relation betweenũ (the parameter in the elliptic curve) and u.
1. Introduction. This Letter continues the program developed in Refs. [1] [2] [3] [4] [5] [6] [7] [8] , in which Seiberg and Witten's proposed exact solutions to a variety of N = 2 supersymmetric SU (2) gauge theories [9, 10] are tested against first-principles (multi-)instanton calculations in the semiclassical regime. The case of pure N = 2 supersymmetric Yang-Mills (SYM) theory is treated in Refs. [9, [1] [2] [3] , whereas in Refs. [10, [4] [5] [6] [7] [8] the model is augmented by N F flavors of "quark hypermultiplets" that transform in the fundamental representation of the gauge group. Also treated in Ref. [10] , and the topic of the present Letter, is the case of a single massive hypermultiplet in the adjoint representation of SU (2) . (For more than one such hypermultiplet, just as for N F > 4 fundamental hypermultiplets, the β-function is positive, and the microscopic theory no longer makes sense.) The term "mass-deformed N = 4 SYM theory" is used to describe this model, since in the limit that the hypermultiplet is massless, the N = 2 algebra is enlarged to N = 4, and the SU (2) R symmetry that acts on the supercharges is enlarged to SU (4) R . In this limit the number of unbroken fermion zero modes of the (multi-)instanton doubles from four to eight, guaranteeing that the low-energy dynamics receives neither instanton nor perturbative corrections [11] . But for nonzero mass these extra zero modes are lifted and such corrections do occur, as discussed in detail below.
The mass-deformed N = 4 model shares a number of interesting features with another model discussed in [10, 6] , namely the N F = 4 model. First, both are finite theories. Second, when the bare hypermultiplet masses vanish, both models are conformally invariant. The low-energy U (1) dynamics along the Coulomb branches are then simply described by a free field theory, that of a massless uncharged N = 4 and N = 2 gauge superfield, respectively. Third, the BPS dyon spectrum in the massless models is generally thought to be SL(2, Z Z) invariant. 1 Fourth, even in the massive case, the elliptic curves governing the proposed exact solutions are built from modular forms in the complexified coupling τ ; in fact the curve for the former model may be obtained from the latter model, by restricting to the special case that the four "quark" masses are {m/2 , m/2 , 0, 0} [10] . There is however a key difference: in this mapping the n-instanton sector of the former corresponds to the 2n-instanton sector of the latter. This is related to the fact that, unlike the mass-deformed N = 4 model, the N F = 1, 2, 3, 4 models have a Z Z 2 symmetry forbidding odd-instanton contributions when at least one "quark" is massless [10] . It is therefore not surprising that, below, we will uncover a discrepancy at the 1-instanton level with Seiberg and Witten's prediction for the quantum modulus u = Tr ∼ A 2 , analogous to a 2-instanton discrepancy in the N F = 3 [7, 8] and N F = 4 models [5, 6] . (Similar 1-instanton discrepancies have been claimed for SU (3) gauge theory for N F = 4, 6 [13] .) Another key difference between the two models is that, in the massless limit, the low-energy dynamics of the N F = 4 theory does receive interesting finite numerical perturbative and instanton renormalizations [5, 6] . The particle content of the mass-deformed N = 4 model is most easily understood in the familiar language of N = 1 superfields. In these terms the N = 2 SYM Lagrangian is built from a gauge superfield 2
. The adjoint N = 2 hypermultiplet is described by a pair of N = 1 chiral superfields
. These couple to ∼ W α in the standard way, and to ∼ Φ via the superpotential
The coefficient of ∼ Q ∼ Φ ∼ Q is equated to that of the other Yukawa terms in the component Lagrangian, as they transform among themselves under SU (4) R symmetry. In turn, the coefficient of the mass term in (1) is fixed by Seiberg and Witten's convention [10] that the semiclassical singularity lies at u ≃ m 2 /4 where u = 1 2 v 2 + (instanton corrections). Indeed, with Higgs VEVs ∼ A = vτ 3 /2 and ∼ q = ∼ q = 0, a tree-level diagonalization of
This Letter is organized as follows. In Sec. 2 we construct the n-instanton action for the mass-deformed N = 4 model, starting with the known results for N = 2 SYM theory [2] . In Sec. 3 we focus on the 1-instanton sector, and calculate from first principles the prepotential F , and the Higgs condensate u. In Sec. 4 we extract u instead from the predictions of Seiberg and Witten [10] , and uncover a discrepancy with the 1-instanton result. This discrepancy is resolved, and the 2-instanton sector [14] is qualitatively discussed, in Sec. 5.
2. Construction of the n-instanton action. One of the chief results of [2] is the construction of the n-instanton action for the case of pure N = 2 SYM theory. 3 The result is expressed in terms of the (n + 1) × n ADHM collective coordinate matrices a, M and N :
We use undertwiddling as a shorthand for adjoint SU (2) fields; thus ∼ X = a=1,2,3 X a τ a /2, where τ a are Pauli matrices. 3 This section relies heavily on the formalism developed in Secs. 6-7 of [2] and Secs. 2,3,5 of [5] .
In particular, see Sec. 6 of [2] for a pedagogical introduction to Atiyah-Drinfeld-Hitchin-Manin (ADHM) theory [15] including our notational conventions and references to the early literature.
We set g = 1 throughout except, for clarity, in the instanton action 8π 2 /g 2 .
In our conventions the n × n submatrices a ′ , M ′ and N ′ are symmetric: a ′ = a ′T , M ′ = M ′T , and N ′ = N ′T . The entries of a are quaternion-valued, e.g., w 1αα = w 1m σ m αα where the σ m are the four spin matrices (1, i τ ). In contrast, the entries of M and N are 2-component Weyl spinors. M and N parametrize the adjoint fermion zero modes of the gaugino λ and Higgsino ψ, respectively; together they form an SU (2) R doublet. A drawback of the ADHM parametrization (2) is that, for general n > 1, it is a highly overcomplete description of a supersymmetrized self-dual configuration of topological number n. In order to reduce to 16n physical degrees of freedom (asymptotically, 4n positions, 3n iso-orientations, and n instanton scale sizes, plus superpartners), one needs to impose not only the well-known constraints [15, 16] 
but also further "gauge fixing conditions" for the remaining O(n) redundancies as reviewed in detail in [2] .
Another key ingredient needed for the action is the self-adjoint linear operator L, which is a bijection on the space of n × n antisymmetric scalar-valued matrices. Explicitly, if Ω is such a matrix, then L is defined as [2] 
where W is the symmetric n × n matrix W kl = tr 2w k w l . Important examples of such antisymmetric matrices are Λ, Λ f , A ′ and A ′ f . The first two are defined by
where A 00 is the SU (2)-valued VEV, A 00 = i 2 v τ 3 . In turn, A ′ and A ′ f are defined implicitly as the solutions to
Whereas Λ and A ′ are purely bosonic, Λ f and A ′ f are fermion bilinears. Henceforth we will exhibit their two Grassmann arguments:
. This will allow us to incorporate the adjoint hypermultiplet in a parallel way.
In terms of these quantities, the n-instanton action for N = 2 SYM theory reads [2] :
A useful check of this expression is to show that it is a supersymmetric invariant. In fact, in Sec. 2 of [5] , we demonstrated that the N = 2 algebra can be realized directly as an action on the overcomplete set of ADHM parameters (2) . Under an infinitesimal supersymmetry transformation i=1,2 ξ i Q i +ξ iQi , they transform as:
Here
(9) It is then easily verified that δS 0 inst = 0 as required [5] . We now describe how to augment the N = 2 SYM expression (7) to incorporate an adjoint hypermultiplet. We first discuss the mass contribution L mass = 2im tr 2 ∼ Q ∼ Q θ 2 =0 to the superpotential (1) . We associate to the hypermultiplet Higgsinos ∼ χ and ∼ χ, respectively, the Weyl-valued (n + 1) × n collective coordinate matrices
Just like M and N , R andR satisfy R ′T = R ′ andR ′T =R ′ as well as constraints analogous to (3) . Using Corrigan's formula for the overlap of two adjoint zero modes (see Apps. B-C of [2] ), one finds in Euclidean space:
where, in our conventions, P ∞ is the (n + 1) × (n + 1) matrix with a '1' in the upper left-hand corner and zeroes elsewhere. (There are bosonic mass terms too but their effect on the semiclassical physics is down by one factor of the coupling as they require the elimination of an auxiliary F field.) In order to check that S mass is invariant under N = 2 supersymmetry, one needs the transformation properties of R andR. By manipulations identical to those used in Sec. 2 of [5] to derive the transformation laws (8), one finds
and likewise forR. That the third argument of C is zero reflects the fact that ∼ q = ∼ q = 0 ; consequently A tot in (9) collapses to A f . Given the transformation law (12) , and the constraints (3), it is easily checked that δS mass = 0 .
Next we turn to the ∼ Q ∼ Φ ∼ Q contribution to the superpotential (1). Our treatment of this term parallels the case of fundamental hypermultiplets discussed in [5] . As in that case, the key effect of this coupling is to provide a fermion bilinear source term in the classical equation for ∼
. This observation is important because (as detailed in Secs. 4.3 and 7.4 of [2] ) the multi-instanton action (7) can actually be read off from the asymptotics of the Higgs field, thanks to Gauss' law. In particular, the source term for ∼ A is responsible for the M ×N fermion bilinear contributions to S 0 inst given above. By identical arguments, the hypermultiplet source term for ∼ A † induces the following R ×R bilinear contributions to the n-instanton action:
This is the same as the M × N bilinear in (7), with M → R, N →R, andv → v. Finally there are the fermion quadrilinear terms S quad , consisting of one collective coordinate each drawn from M, N , R andR. Such terms are generated by each of the six Yukawa couplings and each of the three Higgs kinetic energy terms in the component Lagrangian. As in [5] , S quad is fixed uniquely by the requirement that, when combined with S hyp , it forms a supersymmetry invariant. In practice, we have derived S quad from an explicit calculation in the 2-instanton sector. Alternatively its construction is motivated by the following arguments. By dimensional analysis, S quad depends neither on the mass m nor on the VEVs v orv. Consequently it must respect the enlarged Lagrangian symmetries that emerge when m, v andv → 0. First, as mentioned above, when m → 0, the N = 2 supersymmetry is promoted to N = 4, so that M, N , R andR must appear in S quad in an SU (4) R -invariant manner. This is arranged by relabeling {M, N , R,R} → {M 1 , M 2 , M 3 , M 4 } and forming S quad from the invariant tensor ǫ ABCD acting on these indices. Second, in the limit that m, v andv vanish, supersymmetric invariance is enlarged to superconformal invariance. Consequently S quad must vanish when any of the M A γ is proportional to a superconformal adjoint zero mode. These are the modes with M A γ ∝ a γαηα A whereη A is an arbitrary Grassmann parameter. 4 Note that Λ f (M A , M B ) vanishes in this instance thanks to (3) , so that superconformal invariance is guaranteed if one builds S quad out of the Λ f (M A , M B ) and/or the A ′ f (M A , M B ) since L is generically invertible. In addition, one may guess that S quad has the same structure as in the case of fundamental hypermultiplets, where it is proportional to Tr n A ′ f (M, N )Λ hyp , where Λ hyp is an n × n antisymmetric matrix formed from the collective coordinates of the fundamental fermions [5] . Taken together, these considerations motivate the result
The overall constant is fixed by requiring that S hyp + S quad be invariant under the supersymmetry transformations (8) and (12) (checking this is straightforward once one rewrites A ′ f = L −1 · Λ f and uses δL −1 = −L −1 · δL · L −1 together with the self-adjointness of L −1 ). In summary, the n-instanton action for mass-deformed N = 4 SYM theory is given by
3. One-instanton calculation. We now specialize to the 1-instanton sector, in which case a, M, N , R andR reduce, respectively, to the 2 × 1 matrices
Also, since all "1 × 1 antisymmetric matrices" vanish by definition, S tot inst collapses to S tot inst (n = 1) = 8π 2 g 2 + 16π 2 |A 00 | 2 |w| 2 + 4 √ 2 π 2 (µĀ 00 ν − ρA 00ρ ) + 2mπ 2 (2ρρ +RR) . (17) In previous work (Eq. (21) of [3] and Eq. (7.20) of [5] ) we derived an explicit representation of the n-instanton contribution to the N = 2 prepotential F (v), as an integral over all n-instanton supermoduli, excepting the four translational modes d 4 X and their N = 2 superpartners d 2 ξ 1 and d 2 ξ 2 . In the present model, using these equations, together with the 1-instanton Pauli-Villars (PV) measure given in [17] , one derives
(As per [11] this vanishes as m → 0 since the R andR modes are no longer lifted by the action (17) .) Actually the prepotential is only defined up to arbitrary constant and linear terms, F → F + Av + B. Henceforth we set A = B = 0 ; as shown in [18, 3] , this is the unique choice for which F and the quantum modulus u are simply proportional to one another by Matone's relation [19, 20] , order by order in the instanton expansion: 5
As a consistency check on Eq. (18), we consider the RG decoupling limit [10, 1, 6] in which the hypermultiplet becomes infinitely massive, and the model reduces to pure N = 2 SYM theory:
In this limit Eq. (18) reduces to −iΛ 4 PV /2πv 2 , which is indeed the correct 1-instanton contribution to the prepotential for N = 2 SYM theory [1] , in terms of the dynamically generated scale Λ PV in the PV scheme.
In what follows we will focus particularly on the O(m 2 ) term in (18), where we will claim a discrepancy with the predictions of Seiberg and Witten [10] . Note that this term does not survive the double scaling limit (20) . Nor does it contribute to the low-energy effective U (1) Lagrangian, which depends on the prepotential only through its derivatives F ′′ (v), F ′′′ (v), and F ′′′′ (v). It does, however, contribute to u; Eq. (19) gives
Now we compare this first-principles semiclassical result with the predictions of [10] . 4. Predictions of Seiberg and Witten. As proposed in [10] , the exact solution of the mass-deformed N = 4 model is governed by the elliptic curve
where the e i are the modular forms
Here q = exp(2πiτ ) is the 1-instanton factor, with τ the complexified coupling τ = θ 2π + 4πi g 2 . It is desirable to express the curve parameterũ in terms of the physical condensate u = Tr ∼ A 2 . To this end we examine the singularities of (22), which occur when two of the E i coincide. Since e i = 0 these lie at u = 1 4 e 1 m 2 , 1 4 e 2 m 2 , 1 4 e 3 m 2 .
On the other hand, we presume to know the singularities in the u plane as well, at least in the RG decoupling limit (20) . There is, first, the "semiclassical" singularity at u ≃ m 2 /4 where a component of the hypermultiplet becomes massless (see Eq. (1) ff.); the remaining "strong coupling" singularities are those of the pure N = 2 SYM theory [9] , which lie at
Comparing Eqs. (24) and (25) and using Eqs. (20) and (23) leads tõ
where the n-instanton coefficients α n are not determined by the above argument. Note that in the massless limit we recover simplyũ = u (in contrast to the N F = 4 model where there is a finite multi-instanton renormalization [8, 6] ). With Eq. (26), it is easily verified that the curve (22) reduces in the limit (20) to that of the N = 2 SYM model, namely [9] :
To see this, one needs to shift x as follows, prior to taking the limit:
The above discussion follows closely that of Sec. 16.2 of [10] . However, these authors claim a more detailed knowledge of the "dictionary" betweenũ and u, namelỹ
This is a special case of (26) containing precise predictions for all the α n , e.g., α 1 = α 2 = 2.
We will soon find that Eq. (29) is mistaken starting at the 1-instanton level. 7 To see this, one extracts ∂v/∂ũ in the usual way as a period of the curve: 6 We use the fact [1] that the dynamical scale Λ used in [9] is related to Λ PV by Λ 4 = 4Λ 4 PV . 7 The reader can check (see footnote 7 of [10] ) that modifying Eq. (29) to the more general relation (26) does not affect the residue conditions developed in Secs. 15 and 17 of [10] . In addition to (29), Seiberg and Witten also employ a more precise version of the shift (28), but the variable x is just a dummy of integration and carries no physical meaning, at least in 4 dimensions. 8 The first equality here assumes that q 1/2 m 2 ≪ u ≪ m 2 , where q is real, positive, and ≪ 1, from which it follows that E 1 > E 2 > E 3 . This regime includes the RG limit (20) , but is more general since it does not assume m → ∞. In contrast, in the chiral limit m → 0 (still with q small), the E i collapse to e i u and the ordering switches to E 1 > E 3 > E 2 . Nevertheless, since the only difference between the two orderings is which branch of √ q is taken, the formulas that follow, which depend only on integer powers of q, are valid in either regime. 
By comparing (32) with the explicit 1-instanton calculation (21) we see that α 1 = −3/2, contradicting the Seiberg-Witten prediction α 1 = 2 from Eq. (29). We expect the higher α n to differ as well. 5. Discussion. We stress that the α n are not predictions contained in the curve itself. Certainly they are in no way tests of the modular properties of Eq. (22). They are merely parameters in the "dictionary" (26) betweenũ and u. The fact that the Seiberg-Witten proposal for this dictionary, Eq. (29), needs to be modified, is similar to the N F = 3 [7, 8] and N F = 4 [5, 6] models with fundamental hypermultiplets. In the N F = 3 theory, however, only a single constant needs to be calculated (namely α 2 ), whereas in the N F = 4 model, as in the present model, an infinite number of instanton orders contribute. As mentioned earlier the N F = 4 model has an additional set of finite instanton renormalizations even in the massless limit [5, 6] which are necessarily absent in the N = 4 model [11] .
Aside from the modified dictionary betweenũ and u, it is natural to assume that the solution of the mass-deformed N = 4 model is still given by the curve (22). This is the same "minimal assumption" made in [8] and [6] for the N F = 3 and N F = 4 models, respectively. We underscore that this is an assumption, which ought to be tested against a first-principles instanton calculation. As explained in Sec. 1 of [6] , for the N F = 3, 4 models the first such nontrivial tests lie in the 3-instanton sector, whose moduli space is quite complicated. Fortunately, in the mass-deformed N = 4 theory, such tests are available at the 2-instanton level. To see this, consider the O(q 2 ) contribution to u in Eq. (32). There are four terms at this level, proportional to m 2 , m 4 , m 6 and m 8 . The m 2 piece is, again, an entry in the "dictionary" (26). Also the m 8 piece is not an independent prediction; its coefficient is fixed by the RG decoupling relation (20) , which is built into the curve as well as into the instanton calculus (indeed it is consistent with F 2-inst = (4πi) −1 u 2-inst = −5iΛ 8 PV /16πv 6 in the N = 2 SYM model [2] ). However, the m 4 and m 6 coefficients constitute two bona fide testable predictions of the curve (22), in particular of its elegant modular properties. As such, they are quite important. In a forthcoming paper [14] we shall compare these coefficients against the results of an explicit 2-instanton calculation.
We acknowledge a clarifying discussion with Frank Ferrari about the dyon spectrum.
